Dynamics of a BPS dyon in a weak, constant, electromagnetic field is studied through a perturbative analysis of appropriate non-linear field equations. The full Lorentz force law for a BPS dyon is established. Also derived are the radiation fields accompanying the motion.
We shall specify our system first. The Lagrangian density is (a = 1, 2, 3)
where
and the Higgs fields are subject to the asymptotic boundary condition φ a φ a → f 2 ( = 0) as r → ∞. The field equations read
If we here define the electric and magnetic charges by n for some integer n by a topological reason while q can take on any continuous value. Remarkably, for given g and q = g tan β, the static solutions to eqs.(4a) and (4b) with the lowest possible energy can be obtained by solving instead the first-order equations [5, 6 ]
These are equations describing static BPS dyons and for β = 0 reduce to the Bogomolny equations for uncharged BPS monopoles:
Actually all dyon solutions to eq.(6), denoted as (φ a (r; β),Ā a i (r; β),Ā a 0 (r; β)), can be obtained from the static monopole solutions (φ a (r; β = 0),Ā a i (r; β = 0)) satisfying eq.(7). This is achieved by the simple substitution [11] φ a (r; β) = φ a (y; β = 0)
A a i (r; β) = cos β Ā a i (y; β = 0)
A a 0 (r; β) = ∓ sin β φ a (y; β = 0)
Especially, by making this substitution with the well-known BPS one-monopole solution (with g = ∓ 4π e and mass M =
we immediately obtain the spherically symmetric BPS dyon solution [4] with g = ∓ . In this paper we will focus on timedependent dynamics of this dyon when there is a weak uniform electromagnetic field asymptotically, viz., under the condition that
It is impractical to look for exact solutions to the full field equations (4a) and (4b) appropriate to this circumstance. But, to the first order in B 0 and E 0 (and hence to the first order in the dyon acceleration a also), the corresponding approximate solutions to eqs.(4a) and (4b) can be constructed explicitly. Let us first generalize the result of ref. [8] for a BPS monopole (with q = 0) by allowing the asymptotic electric field E 0 as well. Assuming that the monopole has zero velocity at t = 0, we may then write the ansatz
with r ′ ≡ r − 1 2 at 2 , a being the expected acceleration of the monopole. Here, (φ a ,Ā a i ) denotes the BPS one-monopole solutions in eq. (9) and the presence of the term α a 0 (r ′ ) distinguishes the present form from that of ref. [8] . Our approximation is to neglect any terms beyond O(a) (here a ≡ |B 0 |, |E 0 | or |a|) in Π a , α a i and α a 0 , and in this approximation the consistency of our assumption that these functions depend on time only through r ′ can be established. Then, from the field equations (4a) and (4b), we can deduce the following set of equations:
where we have definedD
while the field strength E a i can be expressed as
Then, comparing these with our asymptotic requirement (10), we can immediately conclude that
f is the monopole mass), and
The functions Π a (r ′ ) and α a i (r ′ ), which are solutions to eq.(12a), have been found already in ref. [8] . Using those results, we can equate φ a (r, t) and A a i (r, t) to the first order in B 0 and E 0 to the expressions (here
respectively. Remarkably the closed-form solution to eq.(12b) which satisfies the above asymptotic boundary condition can also be found:
The functions α a 0 (r ′ ) here describe necessary field deformations in the presence of an asymptotic electric field E 0 ; but, in association with this term, there is no additional electromagnetic or Higgs scalar radiation (beyond those already present in association with the asymptotic magnetic field B 0 ). On the other hand, this solution in the presence of nonzero B 0 and E 0 will be important to discuss the Lorentz boost property. See below.
If one considers a Lorentz boost transformation of the solution specified by eqs. (11), (15a), (15b) and (16), viz.,
the result will be another solution to the field equations. It describes an accelerating BPS monopole with finite initial velocity v 0 in the presence of a uniform electromagnetic field (E * 0 , B * 0 ), where
[Especially, by choosing B 0 = v 0 × E 0 , one can obtain the solution appropriate to a BPS monopole with a finite initial velocity v 0 in the presence of some nonzero electric field E * 0 (but B * 0 = 0).] The trajectory assumed by the center of this monopole will be determined by the condition r * − 1 2
where we have used eq.(18). At the same time, we have
) denotes the velocity of the monopole), and consequently eq.(19) can be recast as
Eq. (1) is thus confirmed for an uncharged monopole. A similar analysis can also be carried out for a BPS dyon, at least to the first order in the asymptotic electromagnetic fields E 0 and B 0 (and hence in the dyon acceleration a). Again choosing the reference frame in such a way that the dyon may have zero velocity at t = 0, we may generalize the ansatz (11) as
where r ′ = r − The consistency of the above ansatz can be verified explicitly; inserting the ansatz (22) into the full field equations leads to differential equations whose sole dependent variables are r ′ . Explicitly, we obtain from eq.(4a)
and from eq.(4b)D
, and the suppressed dependent variable is r ′ . Then, identifyingÃ a 0 (r ′ ; β) as in eq.(23), we found that these three equations are satisfied (to O(a)) as long as the following conditions are fulfilled:
Notice that, for β = 0, these reduce to the corresponding equations for an uncharged BPS monopole, i.e., eqs.(12b) and (13) . In the present case the field strength
The acceleration a above is not arbitrary but fixed in terms of the given asymptotic electromagnetic fields. For this purpose the asymptotic condition (10) may be used with the field strengths given by eqs.(25a) and (26). Actually we will also assume that
a → 0 as r ′ → ∞; this can be viewed as our additional asymptotic condition. Moreover, according to our lesson form the uncharged monopole case, it is quite natural to suppose that
and especially, recalling that the dyon has mass M D = 4π e f cos β , g = ∓ 4π e and q = ∓ 4π e tan β, the second of these can be recast as
This corresponds to the formula (1) in dyon's instantaneous rest frame. The equation of motion in the general form (1) can be secured if the Lorentz boost transformation (17) is considered for the above solution. This proceeds in much the same way as in eqs. (17)- (21), and so we shall not repeat it here. We will now find the explicit solution to eqs.(25a) and (25b). Here it is convenient to introduce rescaled quantities
Then, with the help of the relationships (8a)-(8c), we can rewrite eqs.(25a) and (25b) as 12b)), and so the solution with the desired asymptotic behavior is immediately identified with (here y = |y| = r ′ cos β)
Moreover, comparing eq.(32a) with eq. (13), we are led to write The general, normalizable or nonnormalizable, solutions of eq. (35) have been known for some time [12] . Because of the above-mentioned asymptotic condition, we may here demandΠ a (y) to behave such as
Then, using the result of ref. [12] , we find that the appropriate solution to eq. (35) is given bŷ
with V = −
with the constant vectors E E 0 and a determined by eq. (29). Notice that these functions are everywhere regular.
In eqs. (22) and (38) we have the explicit solution appropriate to an accelerating BPS dyon. Its asymptotic behavior is of particular interest since it carries information on emitted radiation. Let us concentrate on the asymptotic behaviors of the corresponding gauge-covariant quantities. A short calculation using eqs. (22) and (38), while ignoring exponentially small terms, produces the following results (valid for (m v cos β)r ′ ≫ 1):
The asymptotic electromagnetic fields also follow from these expressions by setting
Non-trivial expressions we have in eqs. (39c) and (39d) can be interpreted as the long-range effects associated with the massless Higgs scalar in this theory. Now, as in Ref. [8] , it will be convenient to rewrite the above expressions using the "retarded" distance R = r − 
and
RR · a). With these and the identifications g = ∓ 4π e and q = ∓ 4π e tan β, it is now a simple matter to recast the above asymptotic fields as
where we have defined g s = ± 4π e cos β , and E 0 and B 0 are the asymptotic uniform electromagnetic fields given through eqs. (27) and (28). In these expressions the O(R −2 ) terms make the near-zone fields associated with electromagnetic or Higgs scalar force. Observe that the near-zone fields we have obtained for B em and E em agree with the naively expected results on the basis of the classical Maxwell theory and the duality argument [13] . The same can be said also for the radiation fields, which we discuss below.
The O(R −1 ) terms in eqs.(41a)-(41d) describe the radiation fields accompanying an accelerating BPS dyon. Explicitly we have
in connection with the electromagnetic interaction, and also the Higgs scalar radiation described by
The duality is manifest in eq. (42); in fact, if one calculates the dyon radiation fields by invoking the duality argument to the well-known radiation fields of a uniformly accelerating electric charge, one ends up with eq. (42). Also the expressions in eq.
(43) (more precisely, the quantities at front ofr ′ a ) can be identified with the massless Klein-Gordon radiation fields produced by a uniformly accelerating point scalar source with strength g s = ± 4π e cos β . Since the energy-momentum tensor is given by
the radiation energy flux can be found using
Inserting eqs. (42) and (43) into this formula yields
where the first term is the electromagnetic contribution, and the second due to the Higgs scalar. The dynamics of a BPS dyon in the presence of an asymptotically uniform electromagnetic field has been successfully extracted using only field equations of the Yang-Mills-Higgs system, at least in the small acceleration regime. The given field equations are intrinsically nonlinear, and they serve to specify the entire dynamics of a BPS dyon; the situation here is quite analogous to the case of Einstein's field equations [14] . The force law and radiation fields found by our analysis support the duality between electric and magnetic quantities. But note that quantum (or loop) effects have not been taken into account in our discussion.
